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Abstract
In this paper we consider pairs of interacting electrons moving in a simple quan-
tum wire, namely the half-line R+. In particular, we extend the results obtained in
[Kera] by allowing for contact interactions of the Lieb-Liniger type between the two
electrons constituting the pair. We construct the associated Hamiltonian rigorously
and study its spectral properties. We then investigate Bose-Einstein condensation
of pairs and prove, as a main result, the existence of condensation whenever the
Hamiltonian has a non-trivial discrete spectrum. Most importantly, condensation is
proved for very weak and very strong contact interactions.
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1 Introduction
As understood by Cooper [Coo56] and later by Bardeen and Schrieffer [BCS57], the pairing
of electrons is the key mechanism in the formation of the (type-I) superconducting phase
in metals. Most importantly, although each electron is of course a fermion, the (Cooper)
pair as a whole can be treated as a bosonic particle [MR04] and, as a consequence, a gas
of pairs can undergo Bose-Einstein condensation [Ein25]. This condensation of pairs then
manifests the superconducting phase and is ultimately responsible for to the coherence in
the many-electron system which is characteristic for this phase.
This paper is the third in a series of papers [Kera, Kerb] in which the condensation
of pairs has been investigated for a simple quantum wire, i.e., the half-line R+. Aside
from [Section 3.1,[Kera]] where spatially localised (and hence non-separable) two-particle
interactions were considered, the electrons constituting a pair have been assumed not to
interact with each other except, of course, for the (binding-) interaction responsible for
the pairing. However, from a physical point of view one expects the two electrons to repel
each when being close. For this reason we will allow in this paper for additional (repulsive)
contact interactions between the two electrons of the Lieb-Liniger type [LL63], i.e., the
interaction term shall formally be given by
αδ(x− y) , (1.1)
with α ≥ 0 being the interaction strength and δ the Dirac-delta distribution. Contact inter-
actions of this type are frequently investigated in mathematical physics [Yan67, AGHK+88,
Har07, Har08, BK13, BG17] since they often provide solvable interacting many-particle
models and, due to technological advances in the last decades, they have also become
increasingly important in more applied areas of physics in recent years [CCG+11, OD03,
ea14]. Most importantly, however, contact interactions of the form (1.1) are assumed to
be a good approximation of more general short-range contact interactions.
The paper is organised as follows: In the Section 2 we introduce the formal Hamilto-
nian of a single pair and establish a rigorous realisation thereof. In Section 3 we perform
a spectral analysis of this Hamiltonian, characterising the essential as well as the discrete
part of the spectrum. Most importantly, we show that the discrete part of the spectrum
is non-trivial for very weak and very strong values of the interaction strength. Finally, we
use the obtained knowledge about the spectrum to investigate Bose-Einstein condensation
of interacting pairs in Section 4. We prove that condensation exists whenever the Hamil-
tonian possesses eigenstates below the essential spectrum. In particular, we prove that
condensation exists for very weak and very strong contact interactions.
2
2 The model
We consider two electrons with opposite spin moving on a simple quantum wire, i.e., the
half-line R+ = [0,∞). The Hamiltonian of the system shall (formally) be given by
Hα = − ∂
2
∂x2
− ∂
2
∂y2
+ vb(|x− y|) + αδ(x− y) , (2.1)
where vb : R+ → R is the binding potential
vb(x) :=
{
0 if x ≤ d ,
∞ else , (2.2)
leading to a bound pair of electrons (“Cooper pair”) with d > 0 characterising the size of
the pair.
In order to arrive at a rigorous realisation of the Hamiltonian (2.1) one introduces the
quadratic form
qα[ϕ] =
∫
Ω
|∇ϕ|2 dx+ α
∫
R
|ϕ(x, x)|2 dx (2.3)
on Dq := {ϕ ∈ H1(Ω) : ϕ(x, y) = ϕ(y, x) and ϕ|∂ΩD = 0} with
Ω := {(x, y) ∈ R2+ : |x− y| ≤ d} (2.4)
and ∂ΩD := {(x, y) ∈ Ω : |x− y| = d}. Setting
L2s(Ω) := {ϕ ∈ L2(Ω) : ϕ(x, y) = ϕ(y, x)} (2.5)
we have the following statement.
Theorem 2.1. On the Hilbert space L2s(Ω), the form (2.3) is densely defined, closed and
bounded from below.
Proof. Density follows directly from the fact that C∞0 (Ω˜) ⊂ L2(Ω˜) is a dense subset for
Ω˜ := {(x, y) ∈ R2+ : y ≤ x and |x− y| ≤ d}. Also, since the form is positive, it is bounded
from below.
Finally, similar to [BK13, KM16] one can establish the trace estimate∫
R
|ϕ(x, x)|2 dx ≤ c‖ϕ‖2H1(Ω) , (2.6)
c > 0 being some constant, from which closedness readily follows.
Hence, according to the representation theorem of quadratic forms [BHE08] there exists
a unique self-adjoint operator being associated with qα[·] which shall be denoted by Hα.
Remark 2.2. The operator Hα acts as the two-dimensional Laplacian subjected to Dirichlet
boundary conditions along ∂ΩD, Neumann boundary conditions along ∂Ω\∂ΩD and Robin
boundary conditions along the diagonal x = y, see [BK13, KM17].
3
3 On the spectrum of Hα
In this section we are concerned with the spectrum of the operator Hα and in a first result
we characterise the essential part thereof.
In order to do this we consider the (self-adjoint) one-dimensional Laplacian − d2
dx2
on
the interval [0, d√
2
] with operator domain
DD,α :=
{
ϕ ∈ H2(0, d/
√
2) : ϕ′(0)− α
2
√
2
ϕ(0) = 0 and ϕ
(
d√
2
)
= 0
}
. (3.1)
From (3.1) we see that one imposes Robin boundary conditions at x = 0 and Dirichlet
boundary conditions at x = d√
2
(regarding the choice of the constant in the Robin boundary
conditions see, for example, [BK13]). This operator has purely discrete spectrum and we
shall denote its eigenvalues by {εDn (α)}n∈N0.
Theorem 3.1 (Essential spectrum). One has
σess(Hα) =
[
εD0 (α),∞
)
. (3.2)
Proof. A detailed proof is obtained using the methods employed in the proofs of [Theo-
rem 2.1,[Kera]] and [Theorem 3.1,[KM17]].
A sketch of the proof is as follows: Since the essential spectrum is determined by the
behaviour of the domain at infinity, Ω in this sense reduces to a half-infinite rectangle
with the corresponding boundary conditions. Then, using separation of variables, with
one operator being − d2
dx2
on DD,α and the other one − d2dy2 on
D˜ := {ϕ ∈ H2(0,∞) : ϕ′(0) = 0} , (3.3)
the statement follows readily since σ
(
− d2
dy2
)
= [0,∞).
We now turn attention to the discrete part of the spectrum. We will prove that it is
non-trivial given the interaction between the two particles is very weak or very strong.
Theorem 3.2 (Discrete spectrum). There exist constants α1, α2 > 0 such that
σd(Hα) 6= ∅ (3.4)
for all α ≥ 0 such that α < α1 or α > α2.
Proof. We first note that the discrete spectrum is non-empty for α = 0, see [KM17]. Let
ϕ0 ∈ H1(Ω) be the corresponding (normalised) ground state with∫
Ω
|∇ϕ0|2 dx = E0 < εD0 (0) =
pi2
2d2
. (3.5)
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Since εD0 (α)→ εD0 (0) as α→ 0, there exists a constant α1 > 0 such that
E0 + α
∫
R
|ϕ0(x, x)|2 dx < εD0 (α) (3.6)
for all α < α1. Hence, using ϕ0 as a trial function, the statement follows by the Rayleigh-
Ritz variational principle [BHE08].
Now, in [Kera] the functions in the form domain were assumed to be anti-symmetric
with respect to the diagonal x = y which effectively implies Dirichlet boundary conditions
(due to continuity). Dirichlet boundary conditions along the diagonal, on the other hand,
correspond to the case α = ∞ for which the associated one-dimensional Laplacian has
domain
DD,∞ :=
{
ϕ ∈ H2(0, d/
√
2) : ϕ(0) = 0 and ϕ
(
d√
2
)
= 0
}
, (3.7)
and eigenvalues {εDn (∞)}n∈N0. Furthermore, as proved in [Kera], the discrete spectrum of
Hα is non-empty in this case, i.e., for α =∞.
Let ϕ˜0 be the corresponding ground state with∫
Ω
|∇ϕ˜0|2 dx = E˜0 < εD0 (∞) =
2pi2
d2
. (3.8)
Now, since εD0 (α)→ εD0 (∞) as α→∞, there exists a constant α2 > 0 such that
qα[ϕ˜0] < ε
D
0 (α) (3.9)
which proves the statement. Note here that ϕ˜0 has vanishing trace along x = y.
Remark 3.3. Theorem 3.2 has an important physical consequence. Namely, even for
very large interaction strengths α, there exists at least on bound state. This means, intu-
itively speaking, that strong contact interactions do not destabilise completely. As shown in
[Lemma 3.5,[Kera]], this is not the case for other types of singular two-particle interactions
which are not contact interactions.
In a next step consider the (self-adjoint) one-dimensional Laplacian − d2
dx2
on the interval
[0, d√
2
] with operator domain
DN,α :=
{
ϕ ∈ H2(0, d/
√
2) : ϕ′(0)− α
2
√
2
ϕ(0) = 0 and ϕ′
(
d√
2
)
= 0
}
. (3.10)
From (3.10) we see that one imposes Robin boundary conditions at x = 0 and Neumann
boundary conditions at x = d√
2
. Denoting its eigenvalues by {εNn (α)}n∈N0 we arrive at the
following statement.
Lemma 3.4 (Ground state energy). Let E0(α) := inf σ(Hα) denote the ground state energy
of Hα. Then one has the estimate
2εN0 (α) ≤ E0(α) ≤ εD0 (α) . (3.11)
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Proof. This statement follows using the methods employed in the proof of Theorems 2.3, 2.4
of [Kera].
Finally, we have the following statement.
Proposition 3.5. For any α ≥ 0, the number of eigenvalues of Hα smaller than εD0 (α) is
finite.
Proof. The statement follows by an operator-bracketing argument similar to the one used
in the proof of [Theorem 2.4,[Kera]], see also [KM17].
4 On the condensation of pairs and the superconduct-
ing phase
The condensation phenomenon in a system of non-interacting pairs with zero interaction
strength (i.e., α = 0) was investigated in [Kera]. In this section it is our goal to generalise
the results to some cases where α > 0.
The standard treatment of Bose-Einstein condensation in quantum statistical mechanics
requires a thermodynamic limit [Rue69]. In a first step one therefore reduces the one-pair
configuration space from the half-line R+ to the interval [0, L]. Consequently, the one-pair
Hilbert space is L2s(ΩL) with
ΩL := {(x, y) ∈ Ω : x, y ≤ L} . (4.1)
On this Hilbert space on then constructs a form qLα as the obvious version of qα on L
2
s(ΩL)
which yields the self-adjoint operator HLα , i.e., the version of Hα on L
2
s(ΩL). Note that we
impose Dirichlet boundary conditions along the boundary segments of ΩL for which x = L
or y = L, see also [Kera] for more details.
Since ΩL is a bounded Lipschitz domain, the spectrum of H
L
α is purely discrete. Let
{ELn (α)}n∈N0 be the corresponding eigenvalues, counted with multiplicity. In a first result
we establish a finite-volume version of Proposition 3.5, being proved similarly.
Proposition 4.1. The number of eigenvalues of HLα smaller than ε
D
0 (α) is uniformly
bounded for all L > d.
Working in the grand-canonical ensemble, the number of pairs occupying the eigenstate
with eigenvalue ELn (α) at inverse temperature β =
1
T
is given by
1
eβ(ELn (α)−µL)
, (4.2)
µL ≤ EL0 (α) denoting the chemical potential [Rue69]. The thermodynamic limit is then
defined as the limit L→∞ such that
1
L
∞∑
n=0
1
eβ(ELn (α)−µL)
= ρ (4.3)
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holds for all values of L with ρ > 0 being the density of pairs.
Now, we obtain the following result which is obtained in analogy to [eq. (3.4),[Kera]].
Proposition 4.2. Let µ < εD0 (α) be given. Then
lim
L→∞
1
L
∑
n:ELn (α)≥εD0 (α)
1
eβ(ELn (α)−µ)
=
1
pi
∞∑
n=0
∫ ∞
0
1
eβεDn (α)eβ(x2−µ) − 1 dx . (4.4)
.
Remark 4.3. Proposition 4.2 characterises the density of pairs occupying the states with
eigenvalues not smaller than the bottom of the essential spectrum of Hα.
With Proposition 4.2 at hand we can now prove the main result of this section. For
this note that we say an eigenstate ϕLn(α) ∈ H1(ΩL) with associated eigenvalue ELn (α) is
macroscopically occupied in the thermodynamic limit if
lim sup
L→∞
1
eβ(ELn (α)−µL)
> 0 . (4.5)
Theorem 4.4 (Condensation of interacting pairs). Let α ≥ 0 be such that Hα has non-
trivial discrete spectrum. Then the ground state ϕL0 (α) is macroscopically occupied in the
thermodynamic limit.
Proof. Based on [Lemma 3.1,[Kera]] and [Proposition 3.2,[Kera]] we first observe that the
assumptions imply the existence of a value L0 such that H
L
α has an eigenvalue smaller
than εD0 (α) for all values L > L0. Furthermore, the lowest eigenvalue of H
L
α converges to
inf σ(Hα) < ε
D
0 (α) as L→∞.
Now, since one has µL < inf σ(H
L
α ) for all L, we conclude that µL < inf σ(Hα) + ε1 for
all L large enough and ε1 > 0 arbitrarily small. Accordingly we have µL < ε
D
0 (α)−ε2 := µ
for some small ε2 > 0 and L large enough. This then allows us to arrive at the estimate
1
L
∑
n:ELn (α)≥εD0 (α)
1
eβ(ELn (α)−µL)
≤ 1
L
∑
n:ELn (α)≥εD0 (α)
1
eβ(ELn (α)−µ)
≤ 1
pi
∞∑
n=0
∫ ∞
0
1
eβεDn (α)eβ(x2−µ) − 1dx+ ε3(L) ,
(4.6)
for some ε3(L) > 0 with ε3(L)→ 0 as L→∞, taking Proposition 4.2 into account.
The important fact is now that ε3, µ are independent of the pair density ρ > 0 which
affects only the sequence (µL) according to (4.3). Hence, comparing (4.6) with (4.3) one
concludes that
lim sup
L→∞
1
L
∑
n:ELn (α)<ε
D
0
(α)
1
eβ(ELn (α)−µL)
> 0 (4.7)
for a large enough pair density ρ > 0. From this the statement follows immediately, since
the ground state is the state which is occupied the most.
7
Applying Theorem 3.2, we readily obtain the following result.
Corollary 4.5. Let α be as characterised in Theorem 3.2. Then the ground state of HLα
is macroscopically occupied in the thermodynamic limit.
Remark 4.6. As described in [Kera, Kerb], a macroscopic occupation of a single-pair state
in the thermodynamic limit is associated with a superconducting phase in the bulk [BCS57,
Coo56, MR04]. Hence, Corollary 4.5 shows that even very strong contact interactions of
the Lieb-Liniger type do not lead to a destruction of the superconducting phase (in the
bulk). Note that this is in sharp contrast to [Remark 3.7,[Kera]] in which the effect of
non-separable singular two-particle interactions is discussed.
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